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A deep understanding of the physical interactions between nanoparticles and target cell membranes is important in
designing efficient nanocarrier systems for drug delivery applications. Here, we present a theoretical framework to
describe the hydrodynamic flow field induced by a point-force singularity (Stokeslet) directed parallel to a finite-sized
elastic membrane endowed with shear and bending rigidities. We formulate the elastohydrodynamic problem as a
mixed-boundary-value problem, which we then reduce into a well-behaved system of integro-differential equations. It
follows that shear and bending linearly decouple so that the solution of the overall flow problem can be obtained by
linear superposition of the contributions arising from these modes of deformation. Additionally, we probe the effect of
the membrane on the hydrodynamic drag acting on a nearby particle, finding that, in a certain range of parameters,
translational motion near an elastic membrane with only energetic resistance toward shear can, surprisingly, be
sped up compared to bulk fluid. Our results may find applications in microrheological characterizations of colloidal
systems near elastic confinements.
I. INTRODUCTION
Hydrodynamic interactions in confined geometries1 are of
pivotal importance in a variety of biological and physiologi-
cal processes ranging from the transport of cells and macro-
molecules in stenosed arterial walls of blood vessels2–8 to
the foraging behavior of commensal bacteria in human and
animal intestine9–11. In addition, surface-related effects on
the transport behavior of particulate flows play a crucial
role in many biomedical and pharmaceutical applications.
A prime example is given by drug delivery of nanocarriers
to organelles12–18 prior to their uptake by cell membranes
via endocytosis19–22. In these scenarios, nanoparticles fre-
quently enter the close vicinity of confining elastic interfaces,
which is known to drastically alter their behavior, dynamics,
and energetics in viscous media.
On the micron scale, fluid flows are characterized by low
Reynolds numbers, Re = ρLV/η  1, where L and V are,
respectively, typical length and velocity scales of the flow,
η denotes the dynamic viscosity of the surrounding fluid and
ρ the density. Accordingly, viscous forces dominate inertial
forces. Under these conditions, the fluid dynamics is well de-
scribed by the linear Stokes equations23. Over the last cou-
ple of decades, there have been tremendous research efforts
in addressing the behavior of hydrodynamically interacting
particles near interfaces including a planar rigid wall bound-
ing a semi-infinite fluid medium24–34, an interface separating
two immiscible Newtonian fluids35–39, or a deformable mem-
brane40–51. The latter type of interface stands apart as it
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endows the system with memory effects owing to the elastic
nature.
In a preceding paper52, we investigated theoretically the
axisymmetric Stokes flow induced by a point-force singular-
ity (Stokeslet) directed normal to a finite-sized elastic disk
(membrane) featuring resistance toward shear and bending.
In this contribution, we complement and extend these re-
sults by providing the solution of the asymmetric flow prob-
lem for a transversely directed point force acting parallel to
the surface of the disk. Still, the point force remains located
on the center axis of the undeformed disk. The solution of
the elastohydrodynamic problem is likewise formulated as
a classic mixed-boundary-value problem53 which is subse-
quently reduced into a system of dual integral equations54.
For their solutions, we employ the well-established methods
introduced by Sneddon55 and Copson56 to yield a system of
integro-differential equations amenable to numerical integra-
tion. This solution technique has previously been employed
to determine the flow field induced by a Stokeslet acting near
a hard disk57,58 or between two coaxially positioned rigid
disks59. For infinite shear and bending rigidities, we provide
exact analytical solutions of the resulting integral equations
for the induced flow field.
The remainder of the paper is organized as follows. In
Sec. II, we formulate the asymmetric flow problem for a
transversely directed Stokeslet and introduce a model for the
elastic membrane based on the Skalak and Helfrich models
for the descriptions of shear and bending deformation modes,
respectively. In Sec. III, we formulate the mixed-boundary-
value problem and express its solution in terms of a system
of integro-differential equations. Thereupon, we compute in
Sec. IV the hydrodynamic mobility function for a point-like
particle asymmetrically moving close to a finite-sized elastic
membrane, and we compare our solution with that obtained
near a hard, undeformable disk of the same size. Finally,
concluding remarks are contained in Sec. V.
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2II. MATHEMATICAL FORMULATION
A. Stokes hydrodynamics
We examine the low-Reynolds-number flow induced by
a point-force singularity acting tangent to an initially flat
finite-sized elastic membrane of radius R. For this purpose,
we adopt a frame of reference, the origin of which coincides
with the center of the initially undeformed membrane of cir-
cular circumference. At low Reynolds numbers, the fluid
dynamics is governed by the forced Stokes equations23
−∇p+ η∇2v + F δ (r − r0) = 0 , (1a)
∇ · v = 0 , (1b)
wherein p and v are, respectively, the pressure field and
fluid velocity field at position r and F is an arbitrary time-
dependent force acting tangential to the membrane at po-
sition r0 = hzˆ; the unit vector zˆ is directed normal to the
plane of the undeformed membrane. Without loss of gener-
ality, we assume throughout this work that F = F xˆ.
In an infinitely extended fluid medium, i.e. in the absence
of the confining elastic membrane, the solution of Eqs. (1)
is commonly expressed in terms of the Oseen tensor, also
known as the free-space Green’s function, or the fundamen-
tal solution of Stokes’ problem. Adopting a cylindrical coor-
dinate system (r, φ, z), the components of the flow velocity
field induced by a transversely oriented Stokeslet acting in
an otherwise quiescent fluid medium read60
vSr =
K
s
(
1 +
r2
s2
)
cosφ , (2a)
vSφ = −
K
s
sinφ , (2b)
vSz = K
r (z − h)
s3
cosφ , (2c)
where s = |r − r0| =
(
r2 + (z − h)2
)1/2
denotes the dis-
tance from the singularity position and K = F/ (8piη) is a
dimensional prefactor. Likewise, the corresponding solution
for the pressure field is given by
pS = 2ηK
r
s3
cosφ . (3)
Owing to the linearity of the Stokes equations (1), the
solution of the hydrodynamic problem for the velocity and
pressure fields can be written as a superposition of the solu-
tion in an unbounded fluid medium {vS, pS} and a comple-
mentary solution (also known as the image system solution)
{v∗, p∗} that is needed to satisfy the boundary conditions
prescribed at the surface of the membrane. Accordingly,
v = vS + v∗ , p = pS + p∗ , (4)
where, for an asymmetric flow, the image velocity field v∗
can conveniently be expressed as61
v∗ =∇Π + z∇ (Ψ + Π,z)− (Ψ + Π,z) zˆ +∇× (Ω zˆ) , (5)
Figure 1. (Color online) Schematic illustration of a cross-section
of the system under investigation. A point-force singularity
(Stokeslet) is directed tangent to the surface of a finite-sized de-
formable piece of an infinitely thin circular membrane of radius R.
This Stokeslet is located at a distance h along the center axis of
the membrane above it. The elastic membrane is endowed with
resistance toward shear and bending. We denote by η the dy-
namic viscosity of the surrounding incompressible fluid. In the
inset, we show a top view of the frame of reference in the system
of polar coordinates (r, φ).
with the corresponding image solution for the pressure field
p∗ = 2η (Ψ,z + Π,zz) . (6)
Commas in indices represent a spatial derivative with re-
spect to the corresponding coordinate. Here, Π, Ψ, and Ω
are harmonic functions satisfying the Laplace equation, i.e.,
∇2Π = ∇2Ψ = ∇2Ω = 0, the solution of which can gener-
ally be expressed in terms of infinite series of Fourier-Bessel
integrals62. By requiring the natural continuity of the fluid
velocity at the plane z = 0 together with the regularity con-
ditions of vanishing velocity and pressure fields as |r| → ∞,
the harmonic functions Π, Ψ, and Ω can appropriately be ex-
pressed for the present geometry in terms of infinite integrals
over the wavenumber λ as58ΠΨ
Ω
 = K
cosφcosφ
sinφ

∫ ∞
0
pi(λ)ψ(λ)
ω(λ)
 J1 (λr) e−λ|z| dλ , (7)
with J1 denoting the first-order Bessel function of the first
kind63. In addition, pi(λ), ψ(λ), and ω(λ) are unknown
wavenumber-dependent functions that will be determined in
the following from the boundary conditions prescribed at the
plane z = 0.
By projecting Eq. (5) onto the basis vectors of the system
of cylindrical coordinates, the radial, azimuthal, and axial
components of the image velocity can be expressed in terms
of the harmonic functions Π, Ψ, and Ω and their derivatives
3as
v∗r = Π,r + z (Π,rz + Ψ,r) +
Ω,φ
r
, (8a)
v∗φ =
1
r
(Π,φ + z (Π,φz + Ψ,φ))− Ω,r , (8b)
v∗z = z (Ψ,z + Π,zz)−Ψ . (8c)
B. Elastic membrane model
The thickness of our finite-sized deformable piece of mem-
brane is assumed to vanish in our description. Moreover,
the membrane is assumed to be composed of a hyperelastic
material that features resistance towards shear and bend-
ing. In-plane shear elasticity of the membrane is modeled by
the well-established Skalak model64, which is widely used to
represent properties of red blood cell membranes65–68. Be-
sides the resistance towards shear deformations, the Skalak
model comprises into a single energy functional for the areal
strain the resistance of the membrane towards shear and it
ensures the local conservation of surface area69,70. In addi-
tion, bending rigidity is modeled by the celebrated Helfrich
model71, which is represented by a quadratic curvature elas-
tic model72,73.
For a planar elastic membrane, the jumps in linearized
traction across the membrane due to shear and bending de-
formation modes have previously been derived by some of
us and provided in Cartesian coordinates in Ref. 45. Ac-
cordingly, the radial, azimuthal, and axial components of
the jumps in traction can, respectively, be expressed in the
system of cylindrical coordinates as
4fr = −κS
3
(
2 (1 + C)
(
ur,rr +
ur,r
r
− ur
r2
)
+
ur,φφ
r2
− (3 + 2C) uφ,φ
r2
+ (1 + 2C)
uφ,rφ
r
)
, (9a)
4fφ = −κS
3
(
2 (1 + C)
uφ,φφ
r2
+ uφ,rr +
uφ,r
r
− uφ
r2
+ (3 + 2C)
ur,φ
r2
+ (1 + 2C)
ur,rφ
r
)
, (9b)
4fz = κB
(
uz,rrrr +
2
r
uz,rrr − uz,rr
r2
+
uz,r
r3
+
4
r4
uz,φφ
− 2
r3
uz,rφφ +
2
r2
uz,rrφφ +
uz,φφφφ
r4
)
, (9c)
where κS and κB denote, respectively, the shear and bending
modulus of the membrane, C is the ratio of shear to area di-
latation modulus in the Skalak model, and u is the displace-
ment vector of the material points composing the membrane
relative to their initial positions in the undeformed state.
Notably, the in-plane traction jumps4fr and4fφ are solely
determined by the shear elasticity of the membrane whereas
the out-of-plane traction jump 4fz is determined by bend-
ing resistance only. It is worth noting that this behavior is in
stark contrast to curved membranes where coupling between
shear and bending occurs74–77.
Having formulated the general solution for the induced
flow field and presented a model for the properties of the
elastic membrane, we derive in the next section the solution
of the overall elastohydrodynamic problem using a formula-
tion in terms of dual integral equations.
III. SOLUTION OF THE ELASTOHYDRODYNAMIC
PROBLEM
A. Formulation of the mixed-boundary-value problem
The boundary conditions imposed at z = 0 comprise
(a) the discontinuity of the normal stresses at the membrane
due to shear and bending resistance modes, and (b) conti-
nuity of the normal stresses in the regions outside the mem-
brane. They can be presented in a compact form as
[T ] = 4f H (R− r) , (10)
with H(·) denoting the Heaviside step function. Here,
T = σ · zˆ stands for the traction vector with σ denot-
ing the hydrodynamic viscous stress tensor. In addition,
[·] = ·(z = 0+) − ·(z = 0−) represents the jump of a given
quantity across the membrane. The components of the stress
vector are expressed in cylindrical coordinates in the usual
way as
Tr = η (vr,z + vz,r) , (11a)
Tφ = η
(
vφ,z +
vz,φ
r
)
, (11b)
Tz = −p+ 2ηvz,z . (11c)
To achieve a closure of the elastohydrodynamic problem
at hand, we assume at the surface of the membrane a no-
slip boundary condition. Accordingly, the fluid velocity on
the plane z = 0 is supposed to be equal to the velocity of
the material points composing the membrane, i.e., u˙ = v
at z = 0. In Fourier space, this condition is expressed as
u = v/ (iω), with ω denoting the actuation frequency of
the system. Then, the resulting velocity and pressure jumps
across the membrane can be expressed as
[vr,z] = iα
(
4
(
vr,rr +
vr,r
r
− vr
r2
)
+B
vr,φφ
r2
− (4 +B) vφ,φ
r2
+ (4−B) vφ,rφ
r
)∣∣∣∣
z=0
, (12a)
[vφ,z] = iα
(
4
vφ,φφ
r2
+B
(
vφ,rr +
vφ,r
r
− vφ
r2
)
+ (4 +B)
vr,φ
r2
+ (4−B) vr,rφ
r
)∣∣∣∣
z=0
, (12b)
[p]
η
= 4iα3B
(
vz,rrrr +
2
r
vz,rrr − vz,rr
r2
+
vz,r
r3
+
4
r4
vz,φφ
− 2
r3
vz,rφφ +
2
r2
vz,rrφφ +
vz,φφφφ
r4
)∣∣∣∣
z=0
, (12c)
4where B = 2/ (1 + C) is a dimensionless number. In ad-
dition, α and αB are characteristic length scales associated
with shear and bending deformation modes, respectively, de-
fined as45
α =
κS
3Bηω
, αB =
(
κB
4ηω
)1/3
. (13)
It is worth noting that, if the membrane undergoes large
deformations, the no-slip boundary condition should instead
be applied in the displaced state of the membrane, see for
instance Refs. 78–86 where such an approach has been em-
ployed. However, since our attention is restricted here to
the membrane behavior in the regime of small displacements
characterized by |u|  h, we apply the no-slip condition at
z = 0, confining ourselves to a regime of linearized membrane
elasticity.
B. Dual integral equations
We will show in the sequel that the present mixed-
boundary-value problem can be reduced to a system of dual
integral equations for the unknown wavenumber-dependent
coefficients pi(λ), ψ(λ), and ω(λ). By inserting Eqs. (8) into
Eqs. (10), we obtain the following system of integral equa-
tions for the inner domain (0 < r < R)∫ ∞
0
λ2
(
ξ+1 (λ)− iαλξ+2 (λ)
)
J0 (λr) dλ = g
+
S (r) , (14a)∫ ∞
0
λ2
(
ξ−1 (λ)− iαλξ−2 (λ)
)
J2 (λr) dλ = g
−
S (r) , (14b)∫ ∞
0
λψ(λ)
(
1− iα3Bλ3
)
J1 (λr) dλ = gB(r) , (14c)
where we have defined the wavenumber-dependent quantities
ξ±1 (λ) = 2 (2pi(λ)± ω(λ)) , (15a)
ξ±2 (λ) = 4pi(λ)±Bω(λ) , (15b)
in addition to the radial functions
g+S (r) =
2iα
(−(B + 2)r4 + (B + 20)h2r2 + (2B − 8)h4)
(r2 + h2)
7/2
,
g−S (r) = −
6iαr2
(
(B − 2)r2 + (B + 8)h2)
(r2 + h2)
7/2
,
gB(r) =
45iα3Bhr
(
r4 − 12h2r2 + 8h4)
(r2 + h2)
11/2
.
Likewise, we obtain the following integral equations for
the outer domain (r > R)∫ ∞
0
λ2ξ+1 (λ)J0 (λr) dλ = 0 , (16a)∫ ∞
0
λ2ξ−1 (λ)J2 (λr) dλ = 0 , (16b)
∫ ∞
0
λψ(λ)J1 (λr) dλ = 0 . (16c)
Equations (14) through (16) form a system of dual integral
equations defined on the inner and outer domain boundaries
for the unknown wavenumber-dependent functions ξ±1 (λ)
and ψ(λ). The latter represent, respectively, those contri-
butions to the image flow field related to shear and bending
deformations of the membrane. Moreover, it follows readily
from Eqs. (15) that
ξ±2 (λ) =
1
4
(
(2±B) ξ+1 (λ) + (2∓B) ξ−1 (λ)
)
. (17)
C. Solution for R→∞
Before proceeding with solving the system of dual inte-
gral equations at hand, we first recover the solution in the
limit R → ∞ corresponding to an infinitely extended pla-
nar elastic membrane. In this situation, the integral equa-
tions (14) are defined in the whole range of values of r ∈ R
and can conveniently be solved using inverse Hankel trans-
forms as
λ
(
ξ+1 (λ)− iαλξ+2 (λ)
)
=
∫ ∞
0
rg+S (r)J0(λr) dr , (18a)
λ
(
ξ−1 (λ)− iαλξ−2 (λ)
)
=
∫ ∞
0
rg+S (r)J2(λr) dr , (18b)
ψ(λ)
(
1− iα3Bλ3
)
=
∫ ∞
0
rgB(r)J1(λr) dr . (18c)
Upon evaluation of the convergent improper integrals form-
ing the right-hand sides of Eqs. (18), we obtain
ξ±1 (λ)− iαλξ±2 (λ) = 2iα (2±B − 2λh) e−λh , (19a)
ψ(λ)
(
1− iα3Bλ3
)
= iα3Bλ
4he−λh . (19b)
Finally, by making use of Eqs. (15) and solving Eqs. (19)
for pi(λ), ω(λ), and ψ(λ), we find
pi(λ) =
iα (1− λh)
1− iαλ e
−λh , (20a)
ω(λ) =
2iαB
2− iαBλ e
−λh , (20b)
ψ(λ) =
iα3Bλ
4h
1− iα3Bλ3
e−λh , (20c)
which are in full agreement with the solution for an infinitely
extended membrane, as previously derived by some of us45,87
using a standard two-dimensional Fourier transform tech-
nique41,42. Notably, in the limits α → ∞ and αB → ∞,
we recover the well-known Blake solution88 for a transverse
Stokeslet acting near a planar hard wall.
Thanks to the decoupled nature of shear and bending ef-
fects, the solution of the elastohydrodynamic problem can
adequately be obtained by considering these deformation
modes independently. It is worth noting that a coupling be-
havior occurs in elastic membranes with finite curvature74,75,
or for two parallel46, thermally warped89, or closely cou-
pled90 fluctuating membranes.
5D. Shear contribution
Following the recipes by Copson56, we express the solution
of the resulting system of dual integral equations stated by
Eqs. (14) and (16) for the sought-for wavenumber-dependent
functions ξ±1 (λ) as
ξ+1 (λ) = λ
− 32
∫ R
0
ξˆ+1 (t)J 12 (λt) dt , (21a)
ξ−1 (λ) = λ
− 32
∫ R
0
ξˆ−1 (t)J 52 (λt) dt , (21b)
where ξˆ±1 (t), t ∈ [0, R], are unknown functions that need to
be determined. It can be checked that the integral equations
for the outer problem given by Eqs. (16a) and (16b) are
satisfied by making use of the classic identity by Watson91,∫ ∞
0
λsJp(aλ)Jq(bλ)dλ =
bqH(a− b)
apΓ (p− q)
(
a2 − b2
2
)−s
, (22)
where s = 1 + q − p < 1 and Γ(·) denotes Euler’s Gamma
function63. The integral representations of ξ±2 (λ) are then
obtained by inserting Eqs. (21) into Eqs. (17).
Next, by inserting Eqs. (21) into the system of dual in-
tegral equations for the inner problem stated by Eqs. (14a)
and (14b), and interchanging the order of the integrations
with respect to the variables λ ∈ [0,∞) and t ∈ [0, R], we
obtain
∫ R
0
Q01
2
(r, t) ξˆ+1 (t) dt− iα
(
b+
∫ R
0
K01
2
(r, t) ξˆ+1 (t) dt+ b
−
∫ R
0
K05
2
(r, t) ξˆ−1 (t) dt
)
= g+S (r) , (23a)∫ R
0
Q25
2
(r, t) ξˆ−1 (t) dt− iα
(
b−
∫ R
0
K21
2
(r, t) ξˆ+1 (t) dt+ b
+
∫ R
0
K25
2
(r, t) ξˆ−1 (t) dt
)
= g−S (r) , (23b)
where we have defined b± = (2±B) /4 in addition to the
kernel functions
Qqp(r, t) =
∫ ∞
0
λ
1
2 Jp(λt)Jq(λr) dλ , (24a)
Kqp(r, t) =
∫ ∞
0
λ
3
2 Jp(λt)Jq(λr) dλ . (24b)
An analytical treatment of the integral terms involving Qqp
is straightforward. To deal with the terms involving Kqp , we
use integration by parts to express them in terms of integrals
involving kernels of the type Qqp, which we know well how to
handle. By making use of the recurrence relations63
Jα−1(x) = x−α
d
dx
(xαJα(x)) , (25a)
Jα+1(x) = −xα d
dx
(
x−αJα(x)
)
, (25b)
it follows that∫ R
0
ξˆ+1 (t) J 12 (λt) dt
= λ−1
∫ R
0
ξˆ+1 (t) t
− 32 d
dt
(
t
3
2 J 3
2
(λt)
)
dt
= λ−1
(
ξˆ+1 (R)J 32 (λR)−
∫ R
0
Xˆ+(t)J 3
2
(λt) dt
)
, (26a)
∫ R
0
ξˆ−1 (t) J 52 (λt) dt
= −λ−1
∫ R
0
ξˆ−1 (t) t
3
2
d
dt
(
t−
3
2 J 3
2
(λt)
)
dt
= λ−1
(∫ R
0
Xˆ−(t)J 3
2
(λt) dt− ξˆ−1 (R)J 32 (λR)
)
, (26b)
where we have defined
Xˆ+(t) = t
3
2
d
dt
(
t−
3
2 ξˆ+1 (t)
)
, (27a)
Xˆ−(t) = t−
3
2
d
dt
(
t
3
2 ξˆ−1 (t)
)
, (27b)
and where we have assumed that t
3
2 ξˆ±1 (t) → 0 as t → 0.
Equations (27) can be presented in a compact and simplified
form as
Xˆ±(t) =
d
dt
ξˆ±1 (t)∓
3
2t
ξˆ±1 (t) . (28)
Combining results, the system of dual integral equations
stated by Eqs. (23) can be expressed in terms of integrals
involving kernels of the type Qqp as
6∫ R
0
Q01
2
(r, t) ξˆ+1 (t) dt− iα
((
b+ξˆ+1 (R)− b−ξˆ−1 (R)
)
Q03
2
(r,R)−
∫ R
0
(
b+Xˆ+(t)− b−Xˆ−(t)
)
Q03
2
(r, t) dt
)
= g+S (r) , (29a)∫ R
0
Q25
2
(r, t) ξˆ−1 (t) dt− iα
((
b−ξˆ+1 (R)− b+ξˆ−1 (R)
)
Q23
2
(r,R)−
∫ R
0
(
b−Xˆ+(t)− b+Xˆ−(t)
)
Q23
2
(r, t) dt
)
= g−S (r) . (29b)
The latter system of equations can be presented in the final simplified form∫ R
r
t−
1
2
(
t2 − r2)− 12 ξˆ+1 (t) dt− iα
(
K −
∫ r
0
ϕ(r, t) Yˆ +(t) dt− pi2
∫ R
r
t−
3
2 Yˆ +(t) dt
)
=
(
pi
2
) 1
2 g+S (r) , (30a)
r2
∫ R
r
t−
5
2
(
t2 − r2)− 12 ξˆ−1 (t) dt+ iαr−2 ∫ r
0
t
3
2
(
r2 − t2)− 12 Yˆ −(t) dt = (pi2 ) 12 g−S (r) , (30b)
where we have defined the constant
K = pi2 R−
3
2
(
b+ξˆ+1 (R)− b−ξˆ−1 (R)
)
, (31)
in addition to the abbreviations
Yˆ ±(t) = b±Xˆ+(t)− b∓Xˆ−(t) , (32a)
ϕ(r, t) = t−
1
2
(
t−1 arcsin
(
t
r
)− (r2 − t2)− 12) . (32b)
Here, we have made use of Watson’s identity stated by
Eq. (22), to obtain
Q01
2
(r, t) =
(
2
pit
) 1
2
(
t2 − r2)− 12 H(t− r) , (33a)
Q25
2
(r, t) =
(
2
pit
) 1
2
(
r
t
)2 (
t2 − r2)− 12 H(t− r) , (33b)
together with
Q03
2
(r, t) =
(
2
pit
) 1
2
(
t−1 arcsin
(
t
r
)− (r2 − t2)− 12)H(r − t)
+
(
pi
2t
) 1
2 t−1H(t− r) , (34a)
Q23
2
(r, t) =
(
2
pit
) 1
2
(
t
r
)2 (
r2 − t2)− 12 H(r − t) . (34b)
It is worth noting that Eq. (34b) implies Q23
2
(r,R) = 0.
Due to the somehow complicated nature of the resulting
system of integro-differential equations given by Eqs. (30),
an analytical solution is far from being trivial. Therefore,
recourse to numerical methods is necessary and indispens-
able. However, we will show in the sequel that for an elastic
membrane with infinite resistance toward shear, an analyt-
ical solution is fortunately straightforward. For that aim,
we use the standard series expansion solution technique58.
Accordingly, we expand the known radial functions on the
right-hand sides of Eqs. (30) as Taylor series about the ori-
gin and express the solutions of the system of dual integral
equations as infinite power series with unknown coefficients
of the form
ξˆ±1 (t) =
(
t
2pi
) 1
2
∑
n≥0
c±n
(
t
h
)2n+1
. (35)
By solving for the unknown series coefficients by identifica-
tion of terms of the same power of r, we readily obtain
c+n = 16(n+ 1)(2n+ 1) for n ≥ 1 , (36a)
c−n = 32n(n+ 1) , (36b)
and
c+0 =
48
h2
2−B
2 +B
∑
n≥1
(−1)n(n+ 1)
(
R
h
)2n
= −48(2−B)
(
R2 + 2h2
)
(2 +B) (R2 + h2)
2
(
R
h
)2
. (37)
Finally, by inserting the expressions of the series coeffi-
cients given by Eqs. (36) and (37) into Eq. (35), and evalu-
ating the infinite sums analytically, we obtain
ξˆ+1 (t) = 16
(
t
2pi
) 1
2
(
δt− t
3
(
t4 + 3h2t2 + 6h4
)
h3 (t2 + h2)
3
)
, (38a)
ξˆ−1 (t) = 64
(
t
2pi
) 1
2 ht3
(t2 + h2)
3 , (38b)
where
δ =
1
(2 +B)h3
(
8− 2B − 3(2−B)R
2
(
R2 + 2h2
)
(R2 + h2)
2
)
. (39)
In particular, it can be checked that the solution near
an infinitely extended membrane that only allows for shear
deformations is recovered in the limit R→∞.
E. Bending contribution
We proceed in an analogous way as for the shear-related
contribution to the image flow field and express the solu-
tion of the dual integral equations for the bending-related
7wavenumber-dependent function ψ(λ) as
ψ(λ) = λ−
1
2
∫ R
0
ψˆ(t)J 3
2
(λt) dt , (40)
where ψˆ(t), t ∈ [0, R], is an unknown function that needs
to be determined. Equation (40) clearly satisfies Eq. (16c)
for the outer problem upon making use of Watson’s identity
stated by Eq. (22). Inserting this form into Eq. (14c) for the
inner problem yields∫ R
0
ψˆ(t) dt
∫ ∞
0
λ
1
2
(
1− iα3Bλ3
)
J 3
2
(λt)J1(λr) dλ = gB(r) .
(41)
The evaluation of the first term on the left-hand side of
Eq. (41) can readily be taken care of. Nevertheless, the
evaluation of the second term is more challenging. This can
conveniently be dealt with by performing three successive in-
tegrations by parts to reduce the degree of the prefactor λ3
recursively by one degree at a time so as to bring the inte-
gral equation into a more familiar form, amenable to further
analytical treatment. A first integration by parts yields∫ R
0
ψˆ(t)J 3
2
(λt) dt
= −λ−1
∫ R
0
ψˆ(t) t
1
2
d
dt
(
t−
1
2 J 1
2
(λt)
)
dt
= λ−1
(∫ R
0
Pˆ (t) J 1
2
(λt) dt− ψˆ(R) J 1
2
(λR)
)
, (42)
where we have assumed that t
1
2 ψˆ(t)→ 0 as t→ 0 and defined
Pˆ (t) = t−
1
2
d
dt
(
t
1
2 ψˆ(t)
)
= ψˆ′(t) +
1
2t
ψˆ(t) , (43)
with prime denoting a derivative with respect to the argu-
ment. Next, following the same procedure as in Eq. (26a), a
second integration by parts gives∫ R
0
Pˆ (t) J 1
2
(λt) dt
= λ−1
(
Pˆ (R) J 3
2
(λR)−
∫ R
0
Qˆ(t) J 3
2
(λt) dt
)
, (44)
where we have assumed that t
3
2 Pˆ (t) → 0 as t → 0 and
defined
Qˆ(t) = t
3
2
d
dt
(
t−
3
2 Pˆ (t)
)
= ψˆ′′(t)− ψˆ
′(t)
t
− 5
4t2
ψˆ(t) . (45)
Finally, following the same procedure as in Eq. (42), a third
integration by parts leads to∫ R
0
Qˆ(t) J 3
2
(λt) dt
= λ−1
(∫ R
0
Sˆ(t) J 1
2
(λt) dt− Qˆ(R) J 1
2
(λR)
)
, (46)
where we have assumed that t
1
2 Qˆ(t) → 0 as t → 0 and
defined
Sˆ(t) = t−
1
2
d
dt
(
t
1
2 Qˆ(t)
)
= ψˆ′′′(t)− 1
2t
ψˆ′′(t)− 3
4t2
ψˆ′(t) +
15
8t3
ψˆ(t) . (47)
To ensure convergence of the underlying infinite integrals,
we require that ψˆ(R) = 0 and Pˆ (R) = 0 so that ψ′(R) = 0.
Then, by collecting results, Eq. (41) can be cast in the form∫ R
0
Q13
2
(r, t) ψˆ(t) dt+iα3B
∫ R
0
Q11
2
(r, t) Sˆ(t) dt = gB(r), (48)
wherein the kernel functions Qqp(r, t) have been defined above
by Eqs. (24a). It follows from Watson’s identity stated by
Eq. (22) that
Q13
2
(r, t) =
(
2
pit
) 1
2 rt−1
(
t2 − r2)− 12 H(t− r) , (49a)
Q11
2
(r, t) =
(
2t
pi
) 1
2 r−1
(
r2 − t2)− 12 H(r − t) . (49b)
Combining results, Eq. (48) can be presented in the final
simplified form
r
∫ R
r
t−
3
2
(
t2 − r2)− 12 ψˆ(t) dt+ iα3B
× r−1
∫ r
0
t
1
2
(
r2 − t2)− 12 Sˆ(t) dt = (pi2 ) 12 gB(r) . (50)
Equation (50) is an integro-differential equation for the
unknown function ψˆ(t). Since the complexity of the kernel
functions precludes an analytical solution, the integral equa-
tions will thus be solved numerically. In particular, for a stiff
membrane with infinite resistance toward bending, Eq. (50)
can be reduced into a classic Volterra integral equation of
the first kind92–95, the solution of which can be obtained
analytically using standard approaches.
It turns out that the resulting integral equation for infinite
shear and bending rigidities can be mapped into the Abel
integral equation. We recall for the sake of completeness
that the Abel integral equation is stated by∫ r
0
g(t)
(
r2 − t2)− 12 dt = f(r) , (51)
wherein g(r) and f(r) are the unknown and known func-
tions, respectively. If f(r) is continuously differentiable at
any value of r, then Eq. (51) has a unique continuous solu-
tion given by96–98
g(r) =
2
pi
d
dr
∫ r
0
f(t)
(
r2 − t2)− 12 tdt . (52)
Accordingly, in the limit of αB →∞, the solution of Eq. (41)
is given by
Sˆ(t) = 240
(
2t
pi
) 1
2 h2t
(
3t2 − h2) (t2 − 3h2)
(t2 + h2)
6 . (53)
8We recall that Sˆ(t) has been expressed above as a function
of ψˆ(t) and its highest derivatives by Eq. (47). Thus, Eq. (53)
represents a third-order ordinary differential equation for the
unknown function ψˆ(t) subject to the boundary conditions
t
1
2 ψˆ(t)→ 0 and t 32 ψˆ′(t)→ 0 as t→ 0 in addition to ψˆ(R) =
0, the solution of which is obtained as
ψˆ(t) =
(
2t
pi
) 1
2 8h2t2
(
t2 −R2)W (t)
(t2 + h2)
3
(R2 + h2)
3 , (54)
where
W (t) = t4 +
(
R2 + 3h2
)
t2 +R4 + 3R2h2 + 3h4 . (55)
It is worth mentioning that the limit of ψ′(t) as t tends
to R from the right does not necessarily vanish for all values
of h and R. Therefore, ψ is a continuously differentiable
function only in the semi-open interval [0, R). This behavior
is due to the fact that Helfrich’s model is only defined in
principle for closed topological manifolds so that boundary
effects have not been properly included in the bending model
used in this work. It can readily be verified that the solution
near an infinitely extended membrane with pure bending
resistance is recovered in the limit R→∞.
As a further remark, we briefly address the limit of vanish-
ing frequency ω. Our deformable piece of membrane is free
to move and not anchored. At the same time, we assume it
to be located around z = 0. Because of the nature of low-
Reynolds-number flows, the membrane for ω 6= 0 will oscil-
late around its initial position, where |F | needs to be chosen
in a way to keep these oscillations small enough in magni-
tude for our analysis to remain quantitative. Still, strictly
speaking, a steady state ω = 0 does not exist, as the mem-
brane will perform growing net translations and rotations.
However, the limit ω → 0 is smooth, and in this sense we
can perform a corresponding analysis for small enough |F |.
Having formulated the solution of the asymmetric flow
problem in terms of integro-differential equations and pro-
vided analytical solutions for infinite shear and bending
rigidities, we will use in the next section the derived solu-
tion to assess the effect of the confining elastic membrane
on the translational motion of a nearby point-like particle
located in its vicinity.
IV. HYDRODYNAMIC MOBILITY FUNCTION
The exact calculation of the flow field presented in the
previous section can be employed to probe the effect of the
membrane on the hydrodynamic drag acting on a nearby
spherical particle. This effect is commonly quantified by
the hydrodynamic mobility function which relates the ve-
locity of a particle to the hydrodynamic force exerted on
its surface28,99. In a bulk Newtonian fluid of constant dy-
namic viscosity η, the translational mobility of a spherical
particle of radius a is given by the familiar Stokes law100
as µ0 = 1/(6piηa). The leading-order correction to the mo-
bility is obtained by evaluating the image flow field at the
particle position as
∆µ = F−1 lim
(r,z)→(0,h)
v∗‖ , (56)
with the translational velocity parallel to the membrane
v∗‖ ≡ v∗x = v∗r cosφ− v∗φ sinφ . (57)
Scaling by the bulk mobility µ0, the scaled correction to the
hydrodynamic mobility can be written as
∆µ
µ0
= −k a
h
. (58)
Here, k = kS + kB is a dimensionless number known as the
scaled correction factor to the Stokes steady drag, where kS
and kB are contributions stemming from shear and bending
deformation modes of the membrane, respectively. By in-
serting Eqs. (8a) and (8b) into (56), the shear- and bending-
related parts of the correction factors can be written in an
integral form as
kS =
3
8
∫ ∞
0
λh ((λh− 1)pi(λ)− ω(λ)) e−λh dλ , (59a)
kB =
3
8
∫ ∞
0
−λh2ψ(λ) e−λh dλ . (59b)
In addition, it follows from Eqs. (15a) that
pi(λ) =
1
8
(
ξ+1 (λ) + ξ
−
1 (λ)
)
, (60a)
ω(λ) =
1
4
(
ξ+1 (λ)− ξ−1 (λ)
)
, (60b)
the expressions of which can readily be obtained using the
integral representations of ξ±1 (λ) stated by Eqs. (21). Then,
the part of the scaled correction factor associated with shear
and bending of the membrane can be expressed in the final
form as
kS =
3h
1
2
64
∫ R
0
((
Z+1
2
(τ)− 3Z−1
2
(τ)
)
ξˆ+1 (t)
+
(
Z+5
2
(τ) + Z−5
2
(τ)
)
ξˆ−1 (t)
)
dt , (61a)
kB = −3h
1
2
8
∫ R
0
Z+3
2
(τ) ψˆ(t) dt , (61b)
wherein τ = t/h is a scaled variable. Moreover,
Z±p (τ) =
∫ ∞
0
u±
1
2 e−uJp(τu) du . (62)
From here, we calculate
Z−1
2
(τ) =
(
2
piτ
) 1
2 arctan τ , (63a)
Z+1
2
(τ) =
(
2τ
pi
) 1
2
(
1 + τ2
)−1
, (63b)
Z−5
2
(τ) = (2piτ)
− 12 ((1 + 3τ−2) arctan τ − 3τ−1) , (63c)
9Z+5
2
(τ) =
(
2
pi
) 1
2 τ−
3
2
(
3 + 2τ2
1 + τ2
− 3τ−1 arctan τ
)
, (63d)
Z+3
2
(τ) =
(
2
pi
) 1
2 τ−
3
2
(
arctan τ − τ
1 + τ2
)
. (63e)
By integrating Eqs. (61) numerically, we find that the
real part displays a sigmoidal, logistic-like phenomenology,
whereas the imaginary part shows the typical Gaussian bell-
shaped curve that peaks at intermediate frequencies45. In
particular, for infinite shear and bending rigidities, closed
analytical expressions of the correction factors can be ob-
tained as
k∞S =

(
1 + 2
)−1
f1 + 3f2 arctan
(
−1
)
16pi(2 +B) (1 + 2)
2 , (64a)
k∞B =
g1 + 3g2 arctan
(
−1
)
16pi (1 + 2)
3 , (64b)
where we have defined the dimensionless number
 =
h
R
, (65)
in addition to
f1 = 15 (2 +B) + 4 (56− 17B) 2 + 9 (18− 11B) 4 , (66a)
f2 = 5 (2 +B)− 6 (10−B) 2 − (54− 33B) 4 (66b)
for the shear-related part and
g1 = 165
4 + 82 + 3 , (67a)
g2 =
(
1 + 52
) (
1− 22 − 114) (67b)
for the bending-related part.
For a significantly large membrane such that   1,
Eqs. (64) can be expanded in power series of  as
k∞S =
15
32
− 3
8
20 +B
2 +B
2 +
6
pi
4−B
2 +B
3 +O (4) , (68a)
k∞B =
3
32
− 9
4
4 +
72
5pi
5 +O (6) . (68b)
Notably, we recover in the limit → 0 the correction factors
15/32 and 3/32 near an infinitely extended planar elastic
membrane endowed with shear and bending rigidities, re-
spectively45. By summing up both contributions, we further
recover in the limit  → 0 the familiar leading-order correc-
tion factor 9/16 near a plane solid wall bounding a semi-
infinite, otherwise quiescent fluid, as originally obtained by
Lorentz using the reciprocal theorem23,26,101.
Besides, the hydrodynamic mobility for asymmetric mo-
tion tangent to a stationary no-slip disk has previously been
obtained by Miyazaki102. The latter made use of the Green
and Neumann functions supplemented by the edge function
technique to obtain closed form expressions for the solution
of the creeping flow induced by a Stokeslet acting close to a
circular no-slip disk. Using our notation, the scaled correc-
tion factor is expressed by
kDisk =
9
16
+
1
8pi
(

(
9− 2)
(1 + 2)
2 − 9 arctan 
)
. (69)
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Figure 2. (Color online) Variation of the scaled correction fac-
tor to the hydrodynamic mobility function for infinite shear and
bending rigidities for the translational parallel motion versus the
ratio of the particle-membrane separation to the radius of the
membrane. Results are presented for idealized elastic membranes
with pure infinite shear rigidity (green solid line), with pure infi-
nite bending rigidity (red long dashed line), as given by Eqs. (64),
or possessing both infinite shear and bending rigidities (blue short
dashed line). The corresponding correction factor near a hard no-
slip disk as given by Eq. (69) is shown as a black dotted line. Here,
we set B = 1.
For a very large hard disk of   1, expanding in Taylor
series about  yields
kDisk =
9
16
− 2
pi
3 +
17
5pi
5 +O (7) . (70)
For completeness, we recall the scaled correction factor to
the frequency-dependent hydrodynamic mobility for parallel
translational motion near an infinitely extended planar elas-
tic membrane endowed with finite resistance toward shear
and bending as
kS( = 0) =
3
4
∫ ∞
0
χ(u) e−2u
2Bu2 − β2 + iβu (2 +B) du , (71a)
kB( = 0) =
∫ ∞
0
3u5 e−2u
8u3 + iβ3B
du , (71b)
where β and βB denote the scaled frequencies associated with
shear and bending, respectively, defined as
β =
2h
α
=
6Bhηω
κS
, β3B =
(
2h
αB
)3
=
32h3ηω
κB
. (72)
In addition,
χ(u) = u
(
Bu
(
u2 − 2u+ 3)+ iβ (u2 − 2u+ 1 +B)) . (73)
The convergent improper integrals in Eqs. (71) can be
evaluated and expressed in terms of familiar analytic func-
tions as
kS( = 0) =
15
32
− 3
8
(
β2
8
− 3iβ
8
+ β′ eβ
′
E1 (β
′)
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Figure 3. (Color online) (a) Real and (b) imaginary part of the
scaled correction factor to the hydrodynamic mobility function
versus the scaled characteristic frequency associated with shear
β = 2h/α for translational motion parallel to a finite-sized elastic
membrane with pure shear resistance. Results are plotted relative
to the corresponding values for in infinitely extended membrane
( = 0) given by Eq. (74a) and shown for various values of the
ratio of the particle-membrane separation to the radius of the
membrane.
+
(
iβ
2
(
1− β
2
4
)
− β
2
2
)
eiβE1(iβ)
)
, (74a)
kB( = 0) =
3
32
− iβ
3
B
64
(
ζ(βB) + e
−iβBE1(−iβB)
)
, (74b)
with β′ = 2iβ/B and
ζ(βB) = e
−izBE1 (−izB) + e−izBE1 (−izB) , (75)
where zB = jβB and j = e
2ipi/3. Here, the bar stands for a
complex conjugate and E1 denotes the exponential integral
function of order one63 defined by E1(x) =
∫∞
1
t−1e−xt dt.
In Fig. 2 we present the variation of the scaled correction
factor to the hydrodynamic mobility of a point-like particle
located at a distance h above a finite-sized elastic membrane
of radius R. We display results for idealized membranes of
pure infinite shear rigidity (green solid line), of pure infinite
bending rigidity (red long dashed line), and of combined in-
finite shear and bending rigidities (blue short dashed line),
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Figure 4. (Color online) (a) Real and (b) imaginary part of the
scaled correction factor to the particle mobility versus the scaled
characteristic frequency associated with bending β3B = (2h/αB)
3
near a membrane endowed with resistance toward bending for
various values of the ratio of the particle-membrane separation to
the radius of the membrane. Results are plotted relative to the
corresponding values for in infinitely extended membrane ( = 0)
given by Eq. (74b).
see Eqs. (64) for the corresponding expressions. Here, we set
B = 1. For comparison, we also include in the same plot
the curve corresponding to the correction factor near a hard
no-slip disk (black dotted line) stated by Eq. (69).
As might intuitively be expected, the correction factor
for translational motion parallel to the disk is mainly de-
termined by shear resistance so that bending does not play
a dominant role. This behavior is in stark contrast to the
axisymmetric motion perpendicular to the disk where the dy-
namics has been proven to be mainly dominated by the resis-
tance against bending52. We observe that for a membrane of
infinite shear rigidity, the correction factor varies non mono-
tonically with  and reaches a minimum value at  = 1.
Interestingly, the correction factor becomes negative above
a threshold values of about 0.6, implying that translational
motion is sped up when compared to the motion in bulk fluid.
For an elastic membrane simultaneously endowed with both
infinite shear and bending rigidities, this threshold value is
shifted to a slightly larger value of about 0.7.
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For a finite-sized system ( 6= 0), the correction factor near
a membrane endowed simultaneously with infinite shear and
bending rigidities is found to be pronouncedly smaller than
that predicted near a hard disk of the same size. Conse-
quently, the hydrodynamic mobility of the particle in the
latter case is much lower than in the former. This behav-
ior can be understood by the fact that motion near a hard
no-slip disk is significantly more restricted owing to the im-
posed zero velocity boundary condition, implying an addi-
tional hindrance in particle motion. In contrast to that, a
finite-sized membrane will necessarily undergo free transla-
tional motion. Therefore, motion of the nearby particle is
less impeded. For   1, it follows from Eqs. (68) and
(70) that the difference between the scaled correction fac-
tors k∞ and kDisk decays rapidly as the second power of
the radius R of the membrane before it eventually vanishes
in the limit of an infinitely extended membrane, for which
k∞( = 0) = kDisk. In this limit, the behavior of the particle
near a membrane possessing both infinite shear and bending
resistances is equivalent to that near a hard disk of no-slip
surface conditions.
In Fig. 3, we present the variation of the absolute value
of the real and imaginary parts of the scaled correction fac-
tor to the particle mobility as a function of the scaled fre-
quency associated with shear. We plot the amplitude of the
complex components of the correction factor relative to the
corresponding values for an infinitely extended elastic mem-
brane ( = 0). Results are shown in the relevant range of low
and intermediate frequencies for various values of , which
span the values to be expected for a wide range of practical
situations. The resulting curves are monotonically increas-
ing functions of frequency within the investigated range and
tend to be shifted toward larger values as  decreases. This
behavior suggests that accounting for the finite size of the
membrane becomes particularly important in the intermedi-
ate range of frequencies. The appearance in the range of high
frequencies resembles the bulk-like behavior and is of less in-
terest because there the correction factors rapidly approach
zero. In Fig. 4, we present the corresponding curves for the
scaled correction factor near an idealized membrane with
pure bending resistance. Results are plotted as functions
of the scaled frequency associated with bending. An analo-
gous monotonic behavior is observed for the bending-related
contribution within the investigated range of frequencies.
V. CONCLUSIONS
To summarize, we have presented a fully analytical theory
for the asymmetric Stokes flow induced by a transversely di-
rected point-force singularity acting near a finite-sized elastic
membrane possessing shear elasticity and/or bending rigid-
ity. In conjunction with the results obtained for the axisym-
metric flow problem previously treated, the general solution
for an arbitrary point-force direction with the point force
located on the symmetry axis of the initially undeformed
membrane can now be addressed. We have formulated the
solution of the flow problem in terms of a system of dual in-
tegral equations, which we have then reduced into a system
of integro-differential equations for unknown wavenumber-
dependent functions amenable to numerical integration. In
addition, we have derived semi-analytical expressions for the
mobility function of a point-like particle translating tangent
to the finite-sized membrane, showing that the system be-
havior for infinite shear and bending rigidity of the mem-
brane is mainly dominated by the shear resistance. Most
importantly, we have found that, near an elastic membrane
with pure infinite shear resistance, translational motion can
be sped up compared to the bulk behavior in some range of
parameters.
In this contribution, we have assumed as a first step that
the singularity is located on the symmetry axis of the unde-
formed circular membrane. The solution of the elastohydro-
dynamic problem for a point force located at an arbitrary
position would be worth investigating in a future work. An-
other possible extension of the present results would be to
quantify the possible effect of a hydrodynamic lift force ex-
erted by the membrane on the translating particle using the
Lorentz reciprocal theorem of Stokes flow84. We hope that
our results will stimulate additional works on the effect of
elastic confinements on the behavior of particulate flows and
pave the way toward potential scientific applications in mi-
crofluidics and biomedical engineering.
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